Let X be a Banach space, K ⊂ X * a w * -compact subset and B a boundary of K. We study when the fact co(B) ̸ = co w *
Introduction
If K is a w * -compact subset of a dual Banach space X * , a subset B of K is said to be a (James) boundary of K if every x ∈ X attains on B its maximum on K. For instance, K itself and the set of extreme points Ext(K) of K are boundaries of K. If B is a boundary of K, then co w * (B) = co w * (K) and also co(B) = co w of Section 3), but in many cases a copy of the basis of ℓ 1 (c) can be "localized" inside K, even inside B.
(2) Estimations of distances to some spaces of 1-Baire functions. Actually, given d > 0 and a vector ψ ∈ X * * such that sup ⟨ψ, co w * (K)⟩ > sup ⟨ψ, B⟩ + d, we relate d with the distance from ψ to different subspaces: the subspace of ℓ ∞ (K) of 1-Baire bounded functions on K, the subspace of X * * of 1-Baire functions on (B(X * ), w * ), etc. We use these estimations as auxiliary results for the technique of localizations.
(3) Finally, we apply the above results to give extensions of the Theorem of Talagrand [19] for the w * -topology of X * and the boundaries B of w * -compact subsets K of X * . Recall that Talagrand Theorem asserts that, given an arbitrary subset A of a Banach space X, A contains a copy of the basis of ℓ 1 (c) iff co(A) does iff [A] does. So, it is natural to ask whether B contains a copy of the basis of ℓ 1 (c) when co w * (K) does, B being a boundary of K ⊂ X * . Of course, if co(B) = co w * (K), the answer is affirmative by Talagrand Theorem, but when co(B) ̸ = co w * (K) the ideas of Talagrand Theorem do not work. However, using "localization" techniques we get some extension of the Talagrand Theorem and this shows the importance of the "localization" point of view.
Concerning the inequality co(B) ̸ = co w * (K) and connected with the subject of this paper, many and interesting results have been obtained. In particular, this paper is indebted and closely related to the papers [5] and [4] .
The paper is organized as follows. In Section 2 we estimate distances to some spaces of 1-Baire functions. In Section 3 we apply these results to characterize when the fact co(B) ̸ = co w always a boundary of B(X * * ). If K is a Hausdorf compact space, M (K) denotes the space of Radon Borel measures on K and P(K) the family of Radon Borel probabilities on K. If k ∈ K, δ k will be the Dirac measure with mass 1 on k. If K is a w * -compact subset of a dual Banach space X * and µ a Radon Borel probability on K, r(µ) will denote the barycenter of µ.
Distances to the space of 1-Baire functions
If (T, τ ) is a Hausdorf topological space, define B 1 (T ) and B ϵ 1 (T ) as follows: (a) B 1 (T ) (resp., B 1b (T )) will denote the family of 1-Baire real functions (resp., real bounded functions) on T . Recall that a function f : T → R is said to be an 1-Baire function if there exists a sequence {f n : n ≥ 1} in the space of real continuous functions
) denote the family of functions (resp., bounded functions) f : T → R such that for every η > ϵ and every non-empty subset
If K is a Hausdorf compact space and φ ∈ B 1b (K), thenφ : 
Claim 2. Let P a (H) denote the family of purely atomic elements of P(H). Then for every µ ∈ P a (H) we have |⟨T
, and δ pn is the Dirac probability with mass 1 on
we have: [16, p. 380] ). By the Radon-Nikodým theorem we can identify L 1 (ν) with the subspace {ρ ∈ M (H) : ρ << ν} of M (H) (ρ << ν means that ρ is absolutely continuous with respect to ν).
and so there exists a Borel bounded function ϕ : H → R such that for every Radon measure ρ << ν we have
ν(E) for every Borel subset B of H. Clearly µ << ν. Let S be the support of µ, which is a compact subset of H such that P(S) is a convex compact subset of P(H). We have the following facts:
(i) Let P µ := {τ ∈ P(H) : τ << µ}. Then P µ ⊂ P(S) and, moreover, P µ is w * -dense in P(S) (this is an easy exercise).
(ii) If ρ ∈ P µ , then ρ << µ << ν and ρ( c E) = 0. Thus by (2.1)
Thus for every open subset
(B) follows immediately from (A). On the one hand, if p ∈ B and δ p is the Dirac probability with mass 1 on p, we have
whence we get
On the other hand, taking into account that w 0 ∈ H and that x n ∈ V , we have: sup
, 
Theorem 2.4. Let X be a Banach space and H
⊂ X * a w * -compact convex subset, B a boundary of H, w 0 ∈ H, ψ ∈ X * * and d > 0 be such that ⟨ψ, w 0 ⟩ > sup⟨ψ, co(B)⟩ + d. We have (1) dist(ψ H, B 1b (H)) ≥ 1 6 d in ℓ ∞ (H) and so dist(S(X * * ) H, B 1b (H)) ≥ 1 6 Bindex(H) in ℓ ∞ (H). (2) If H ⊂ B(X * ) then dist(ψ, Seq(X * * )) ≥ dist(ψ, Seq(X * * , H)) ≥ d 2 . Proof. (1): n ≥ 1} ⊂ C such that x n (h) → ψ(h) for every h ∈ H. Proof. As (2) ⇒ (1) is obvious, we prove (1) ⇒ (2). Let T : X → C(H) be the restriction operator T (x) = x H. Since ψ H ∈ B 1b (H), from Lemma 2.1 we get dist(T * * ψ, Seq(C(H) * * )) ≤ 3dist(ψ H, B 1b (H)) = 0.
Proof. (a) By hypothesis ψ H ∈ B 1b (H) and ψ ∈ ∥ψ∥B(X)
w
Localization of w * -N-families and copies of the basis of ℓ 1 (c)
In this Section we deal with a very useful tool introduced in [10] : the w * -Nfamilies. Let us define this notion, that will have a very important role in order to localize copies of the basis of ℓ 1 (c)(see [10, 
Counterexample 2.
In the following counterexample we show a Banach space X such that X * has neither a w * -N-family nor a copy of ℓ 1 , but there exist a w * -compact subset K of X * and a boundary B of K such that co(B) ̸ = co w * (K). Let X be the long James space J(ω 1 ) and Y be its isometric predual (see [3, 7. 
In spite of these counterexamples, in many cases the fact co(B) ̸ = co w * (K) implies that K -and sometimes the boundary B itself-has a w * -N-family and a copy of the basis of ℓ 1 (c). Our approach to this problem consists of two steps:
Step 1. We suppose that K is w * -metrizable. In this case K always contains a w * -N-family and a copy of the basis of ℓ 1 (c), if co(B) ̸ = co
Step 2. The general case. We obtain a characterization that actually reduces this case to the metrizable one.
The metrizables case.
In this case we suppose that K is a w * -compact metrizable subset of a dual Banach space X * , B a boundary of K such that co(B) ̸ = co w * (K) and prove that K has a w * -N-family and a copy of the basis of ℓ 1 (c). Moreover we estimate the index W idth(K) in terms of the index Bindex(K). Observe that K is w * -metrizable iff co w * (K) is (an easy exercise).
and a copy of the basis of ℓ 1 (c). 
1b (H). By [9, Proposition 6.1] there exist a non-empty w * -compact subset F ⊂ H and two real (2). (3) follows from (1) and Theorem 3.2.
The general case.
The general case can be reduced to the metrizable case as follows. 
(B) If H is convex then W idth(H) ≤ Bindex c (H) ≤ 3W idth(H).

Proof. (A) Let
The γ topology of a dual Banach space X * is the topology of X * of the convergence on countable bounded subsets of X. The topology γ has been used by Cascales, Muñoz, Orihuela, etc., in several papers (see [4] , [5] ). It is easy to see that (X * , γ) * = X c . Then C is a convex subset such that C = C γ .
Proof. The proof can be done as in [ Recall that a regular Hausdorff space T is angelic if: (i) every relatively countably compact subset W ⊂ T is relatively compact; (ii) the closure of a relatively compact subset W ⊂ T is precisely the set of limits of its sequences. 
